Introduction
Macaulay's theorem and Fröberg's conjecture deal with the Hilbert function of homogeneous ideals in polynomial rings S over a field K. In this short note we present some questions related to variants of Macaulay's theorem and Fröberg's conjecture for K-subalgebras of polynomial rings. In details, given a subspace V of forms of degree d we consider the K-subalgebra K[V ] of S generated by V . What can be said about Hilbert function of K[V ]? The analogy with the ideal case suggests several questions. To state them we start by recalling Macaulay's theorem, Fröberg's conjecture and Gotzmann's persistence theorem for ideals. Then we presents the variants for K-subalgebras along with some partial results and examples.
Macaulay's theorem and Fröberg's conjecture for ideals
Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial ring equipped with its standard grading, i.e., with deg x i = 1 for i = 1, . . . , n. Then S = ∞ j=0 S j where S j denotes the K-vector space of homogeneous polynomials of degree j. Given positive integers d, u such that u ≤ dim S d let G(u, S d ) be the Grassmannian of all u-dimensional K-subspaces of S d . For a given subspace V ∈ G(u, S d ), the homogeneous components of the ideal I = (V ) of S generated by V are the vector spaces S j V , i.e., the vector spaces generated by the elements f g with f ∈ S j and g ∈ V .
Question. What can be said about the dimension of S j V in terms of u = dim V ? 1.1. Lower bound: Macaulay's theorem on Hilbert functions [Mac27] provides a lower bound for dim S j V given dim V . It asserts that there exists a subspace
for every j and every V ∈ G(u, S d ). Furthermore dim S j L can be expressed combinatorially in terms of d and u by means of the so-called Macaulay expansion, see [BH93, Sur14] for details. The vector space L can be taken to be generated by the largest u monomials of degree d with respect to the lexicographic order. Such an L is called the lex-segment (vector space) associated to the pair d and u and it is denoted by Lex(u, S d ).
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1.2.
for all j and all V ∈ G(u, S d ).
1.3. Upper bound: Clearly, the upper bound for dim S j V is given by the dim S j W for a "general" W in G(u, S d ). More precisely, there exists a non-empty Zariski open subset U of G(u, S d ) such that for every V ∈ G(u, S d ), for every j ∈ N and every W ∈ U one has
Fröberg's conjecture predicts the values of the upper bound dim S j W . For a formal power series
, where g i = f i if f j ≥ 0 for all j ≤ i and g i = 0 otherwise. Given n, u and d one considers the formal power series:
and then Fröberg's conjecture asserts that dim S j W = dim S j+d − c d+j for all j. It is known to be true in these cases:
(1) n ≤ 3 and any u, d, j, [Frö85, Ani86] , (2) u ≤ n + 1 and any d, j, [Sta80] , (3) j = 1 and any n, u, d, [HL87] and it remains open in general. See [Nen17] for some recent contributions.
2. Macaulay's theorem and Fröberg's conjecture for subalgebras
is the coordinate ring of the closure of the image of the rational map P n−1
The homogeneous component of degree j of K[V ] is the vector space V j , i.e., the K-subspace of S jd generated by the elements of the form f 1 · · · f j with f 1 , . . . , f j ∈ V .
Question. What can be said about the dimension of V j ? In other words, what can be said about the Hilbert function of the K-algebra K[V ]?
Definition 2.1. For positive integers, n, d, u and j, define 
Therefore the lower bound L(n, d, u, j) is achieved by a monomial vector space. Comparing the vector space dimension of monomial algebras is a combinatorial problem and hence we may assume the base field has characteristic 0. Applying a general change of coordinates, we may put V in "generic coordinates" and hence in(V ) is the generic initial vector space of V with respect to some term order. Being such it is Borel fixed. Since the base field has characteristic 0, we have that in(V ) is strongly stable. Therefore the lower bound L(n, d, u, j) is achieved by a strongly stable vector space.
Example 2.3. For n = 3, d = 4, u = 7 there are 3 strongly stable vector spaces: In this case 2) and 3) turns out to give rational normal scrolls of type (3, 2) and (4, 1) respectively and they give the minimal possible Hilbert function in all values.
Example 2.4. For n = 3, d = 5 and u = 12, there are five strongly stable subspaces of S d : In this case, neither the Lex segment, W 1 , nor the RevLex segment, W 5 , achieve the minimum Hilbert function. The Hilbert series are given by
and the minimum turns out to be L(3, 5, 12,
Questions 2.5.
(1) Does there exist a (strongly stable) subspace 
Remark 2.6. For n = 2 there exists only one strongly stable vector space in G(u, S d ), i.e. 
Question. What can be said about the value M(n, d, u, j)?
Obviously,
and the naive expectation is that equality holds in (1), i.e., if f 1 , . . . , f u are general forms of degree d, then the monomials of degree j in the f i 's are either linearly independent or they span S jd . It turns out that in nature things are more complex than expected at first. First of all, if u > n then equality in (1) would imply that for a generic W one would have W j = S jd for large j. This fact can be stated in terms of projections of the d-th Veronese variety: the projection associated to W is an isomorphism. Recall that a generic linear projection of a smooth projective variety of dimension m from some projective space where its embedded, into a projective space of dimension c is an isomorphism if c ≥ 2m + 1. Hence we have that if u ≥ 2n then equality in (1) holds at least for large j. On the other hand, for n + 1 ≤ u < 2n equality in (1) should not be expected unless one knows that the corresponding projection of the Veronese variety behaves in an unexpected way.
Summing up, the most natural question turns out to be:
holds for all j?
The answer turns out to be negative as the following example shows: Proof. Firstly we may assume that K has characteristic 0 and is algebraically closed. Secondly we may assume that W is generic. The 8-dimension space of quadrics W is apolar to a 2-dimension space of quadrics, call it V . A pair of generic quadrics can be put simultaneously in diagonal form, i.e., that V is generated by x . See for example [Won66] . Indeed, it is sufficient that V contains a quadric of rank 4 since that can be put into the form x 4 and the other form can then be diagonalized preserving the first. As a consequence, after a change of coordinates W contains x i x j with 1 ≤ i < j ≤ 4. Since (x 1 x 4 )(x 2 x 3 ) = (x 1 x 2 )(x 3 x 4 ) and (x 1 x 3 )(x 2 x 4 ) = (x 1 x 2 )(x 3 x 4 ) we have at least two independent relations among the 36 generators of W 2 . Therefore dim W 2 ≤ 34.
More precisely one has:
Proposition 2.10. One has M(4, 2, 8, 2) = 34 independently of the base field K.
Proof. We have already argued that M(4, 2, 8, 2) ≤ 34. Therefore it is enough to describe an 8-dimension space of quadrics W in 4 variables such that dim W 2 = 34. We set Then we set W 1 = F, G and then
We consider two conditions on the coefficients a 1 , a 2 , . . . , b 4 :
Conditions. 
